The full counting statistics of electron transport through two parallel quantum dots with antiparallel magnetic fluxes is investigated as a probe to detect the topological quantum-phase coherence (TQPC), which results in the characteristic oscillation of the zero-frequency cumulants including the shot noise and skewness. We show explicitly the phase transition of cumulant spectrum-patterns induced by the topology change of electron path-loops while the pattern period, which depends only on the topology (or Chern number), is robust against the variation of Coulomb interaction and interdot coupling strengths. Most importantly we report for the first time on a new type of TQPC, which is generated by the twoparticle interaction and does not exist in the single-particle wave function interference. Moreover, the accurately quantized peaks of Fano-factor spectrum, which characterize the super-and sub-Poissonian shot noises, are of fundamental importance in technical applications similar to the superconducting quantum interference device.
Introduction
The full counting statistics (FCS) of electron transport through quantum dot (QD) systems have attracted considerable attention because its FCS properties, i.e., the transport current high-order cumulants can allow one to identify the intrinsic properties of the QD system and access the information of electron correlation which cannot be obtained from the average current. [26, 27] For example, the high-order cumulants can be used to detect the positions of the zeros of the generating function, [28] reveal the intrinsic multistability, [29] and extract the fractional charge of charge transfer through an impurity in a chiral Luttinger liquid, [30] and probe Majorana bound states in a nanowire. [31] A fundamental achievement in the field of FCS was reported recently that the third-order cumulant known as skewness of transport electron through a single tunnel junction can be measured experimentally. [32, 33] Recently, theoretical studies have demonstrated that the highorder cumulants, e.g., the shot noise, the skewness, are more sensitive to the quantum coherence effect than the average current in different types of QD systems, [7, [34] [35] [36] namely, the series DQD, [7] the side-coupled DQD, [25] the parallel DQD, [34] the Aharonov-Bohm interferometer with a quantum dot embedded in one of its two current paths, [35] [36] [37] a semiopen Kondo-correlated quantum dot. [38] In particular, the feasibility of extracting quantum coherence information from the current high-order cumulants has been predicted theoretically in a side-coupled double QD system. [25] On the other hand, the quantum phase coherence of conduction electrons has become an active research field in the past decade with the measuring of magnetic-flux-dependent current through an Aharonov-Bohm (AB) interferometer. [39] The signature of coherent transport through the QD systems is characterized by the current oscillation with respect to the magnetic flux. [40] For an Aharonov-Bohm interferometer with single-level QDs embedded in the two arms, previous studies have demonstrated that the magnetic flux penetrating this Aharonov-Bohm ring have a great influence on the transport current noise properties. [11, 12] For example, the finite-frequency current noise [11] and the super-Poissonian shot noise behavior [10] can be tunned by adjusting the external magnetic flux, and the values of the super-Poissonian shot noise and skewness will diverge when the magnetic flux approaches an integer multiple of the flux quantum. [12] The Fano line-shape in the DQD system can be possibly manipulated by tuning the coupling between two dots. [41] Recently Fano effects were explored in a system consisting of a QD and AB ring with both the magnetic and electrostatic manipulations. [42, 43] Moreover modified Fano-resonances are observed in a Fano interferometer, [44, 45] which are shown to be a result of the Coulomb-interaction. [46] In fact, the quantum coherence of conduction-electron through different channels is caused physically by the phase accumulation of spatial motion from the electrode to QD. Particularly, the AB phase coherence has a topological nature, namely, it does not de-pend on the geometry of the paths and the coupling strengths but the topology of path loops. The topological nature of quantum coherence has not been explored yet on the FCS level for the mesoscopic coupled QDs system including twobody Coulomb interaction at finite temperatures. Additionally, the FCS of electron transport through a semiconductor quantum dot (QD) have been realized experimentally, especially the fifteen-order cumulants [14, 15] and finite-frequency current statistics [19] can be extracted from the high-quality real-time single-electron measurements. This provides the opportunity to investigate the relationship between the AB phase coherence and the FCS of electron transport through a parallelcoupled double QDs system.
The quantum coherence of transmission through different channels is caused physically by the phase accumulation of spatial motion from the electrode to dot. Particularly the AB phase coherence has topological nature, that it does not depend on the geometry of the paths and the coupling strengths but the topology of path loops or more precisely the Chern numbers. The topological nature of quantum coherence has not yet been explored in the FCS for the mesoscopic transport system including two-body Coulomb interaction at finite temperatures. We, in this paper, consider a DQD threaded by a double magnetic flux line of parallel and antiparallel configurations (see Fig. 1 ) with a tunable interdot coupling to change the topology of transmission path loops. We show explicitly the topology-induced phase transition of the cumulant spectrum patterns. Most importantly a new type of topological quantum phase coherence (TQPC), which does not exist in the single-particle transport only at one time, is observed and successfully explained by the two-particle Coulomb interaction. The positions of characteristic resonance peaks in the Fano line-shape are accurately quantized and are shown to be robust against the magnitude variations of interdot coupling and Coulomb interaction, which however can manipulate the peak heights. Our observations may have practical applications in electronic devices.
Model and formalism

Statistical cumulants and related measurement quantities
The FCS is a fascinating theoretical approach, since it can yield simultaneously all cumulants of transport electrons and thus provide the information of transferred particle-number probability distribution P(n,t) through the DQD system during a time interval t. The cumulant generation function (CGF) [47] is defined as
where χ is the counting field and the exponent of the CGF, i.e., F(χ) plays a central role in our formalism. The cumulants of transport electrons can be obtained from the derivatives of F(χ) with respect to the counting field χ such that
In the long-time limit, the first three cumulants are directly related to the measurement quantities of transport. The firstorder cumulant C 1 , which indicates the average number of transferred particles n and is actually the peak position of P(n,t), gives rise to the average current defined by
The zero-frequency shot noise is related to the second-order cumulant C 2 (i.e. the peak-width of the distribution P(n,t)) such as
Finally the third-order cumulant C 3 = (n − n) 3 characterizes the skewness of P(n,t). The normalized Fano factor and skewness are defined respectively by
Fano factor F a represents the amplitude of current fluctuations with F a > 1 indicating a super-Poissonian fluctuation, and F a < 1 a sub-Poisson process.
Model Hamiltonian and topological quantum phases
We consider in the present paper a system of two parallel single-level QDs weakly connected to two metallic electrodes, which is described by the Hamiltonian
with QD part denoted by
where
is the creation (annihilation) operator of an electron in the QD-i (i = 1, 2) and ε i is the bare energy level of electron in the same QD. J is tunable coupling constant between two dots and U denotes the Coulomb interaction whenever two electrons are respectively and simultaneously populated in the QD-1 and QD-2. The Hamiltonian of electrodes is
with a † αk (a αk ) being the creation (annihilation) of an electron with energy ε αk and momentum k in the electrode-α (α = L, R). Two magnetic flux-lines of Φ 1 = ζ 1 Φ 0 and Φ 2 = ζ 2 Φ 0 are perpendicular to the plan of DQD-electrodes as shown in Fig. 1 , where Φ 0 = ch/e is the quantum unit of magnetic flux 087308-2 and thus ζ 1 , ζ 2 are dimensionless flux numbers respectively. The existence of gauge potential (vector potential) of the magnetic fluxes leads to topological phases on the wave functions of electron transferred between dots and electrodes and the transmission Hamiltonian becomes
The topological phases from electrode-α to QD-i are given by
where we have assumed that the flux number ζ i is positive when the magnetic field is pointed into the QD-electrode plan as the left-hand flux shows in Fig. 1 . t αik is the coupling constant between QD-α and electrode-i. We define the reservoir annihilation-operators of the left and right electrodes such that
Although the case of two arbitrary fluxes can be formulated, we are interested in the parallel (ζ 1 = ζ 2 = ζ ) and antiparallel (ζ 1 = −ζ 2 = ς ) configurations with equal amount of fluxes. The tunable interdot coupling plays a crucial role in our investigation. When the coupling is switched off (J = 0) one has a one-loop topology and the system reduces to a doubleline AB interferometer for the parallel configuration, while the TQPC does not exist at all for the antiparallel configuration in the case of single-particle transport since the total flux is zero. We are particularly interested in the antiparallel configuration for the topology-change-induced coherence and the new type of TQPC generated by the two-particle occupation.
In the Coulomb-blockade regime such that only oneelectron at most can be populated in each dot at one time, four occupation states are obtained as [21] |Ψ 0 ⟩ = |0, 0⟩ ,
with the coefficients given by
Energy eigenvalues corresponding to these states are seen to be
In order to see the effect of Coulomb interaction on the TQPC we also present the result of single-particle transitions as comparison. This case can be considered as the ultrastrong Coulomb-blockade regime such that only one-electron at most can be populated in the whole DQD at one time and thus the occupation probability of the two-electron state |Ψ 2 ⟩ vanishes.
Method of quantum master equation
The particle transitions are well described by quantum master equation of a reduced density matrix spanned by the eigenstates of coupled single-level DQD. Regarding the tunneling Hamiltonian H T as a perturbation, the second-order cumulant expansion under Born and Markov approximations leads to the following particle-number-resolved quantum master equation for the reduced density matrix ρ (n) (t) [9, 48, 49] 
in which the spectral functions are defined in terms of the Fourier transform of the reservoir correlation functions, i.e.,
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and
Here ⟨· · · ⟩ stands for Tr B [. . . ρ
B ], with the usual meaning of thermal average. The Liouvillian super-operator ℒ is defined as the commutation relation
Throughout this paper, we set e =h = 1. The reduced density matrix ρ (n) (t) is related to the electron numbers arriving at the right electrode up to time t. We introduce the notation
is the coupling strength to the electrode-α and
g α=L,R denotes the density of states in the electrodes. An asymmetry parameter θ = |Γ R |/|Γ L | is introduced to describe the imbalance between the transitions from the DQD to the right and left electrodes, which is useful in the manipulation of resonance peak-heights of Fano line-shape generated by the TQPC. Similarly we have
We moreover assume the wide band approximation that n
where f α is the Femi distribution function of the electrode-α. In order to calculate the CGF, one can define a column matrix
Evidently, the CGF can be evaluated as
where the trace is over the eigenstates of the considered DQD system. Since equation (15) has the following forṁ
The column matrix G(χ,t) satisfies the equation
with the matrix operator defined by
where , , and are three square matrices. In the low frequency limit, the counting time (i.e., the time of measurement) is much longer than the time of electron tunneling through the DQD system. In this case, the exponent of the CGF F(χ) can be expressed as [7] [8] [9] 47, [50] [51] [52] 
where λ 1 (χ) is the eigenvalue of operator χ , which goes to zero when χ −→ 0. According to the definition of cumulants one can express λ 1 (χ) as
The specific form of χ can be obtained by performing a discrete Fourier transformation to the matrix elements of Eq. (15). Inserting Eq. (33) into the secular equation
and expanding this determinant in series of (iχ) k , one can calculate C k /t by setting the coefficient of (iχ) k equal to be zero. The numerical results of the cumulants are shown in the following section with the particular attention on the TQPC.
Full counting statistics analysis 3.1. Quantum phase-interference and topology-change induced oscillation
The complete information about quantum coherence can be extracted from all cumulants of the number distribution P(n,t) of transferred carriers, which are indeed useful quantities to characterize transport mechanism. The magnetic fluxdependence of average current defined by Eq. (2) in relation with the first-order cumulant C 1 , which as a matter of fact is the peak position of the transferred electron-number probability P(n,t), is plotted in Fig. 2 for both parallel (a) and antiparallel (b) configurations. To see the typical AB interference we in Fig. 2 consider the ultrastrong Coulomb-blockade regime with the single-particle occupation in the whole DQD only. When the interdot coupling is switched off (J = 0) the system is a one-loop interferometer with a double-flux (2ζ ) for the parallel configuration. The current displays a singlemode oscillation of period 1/2 (in the unit of Φ 0 ) seen from 087308-4 the solid line of Fig. 2(a) , while there is no topological phase interference at all for the antiparallel configuration [ Fig. 2(b) solid line (black)] as it should be, since the total flux embraced by the loop is zero. When the interdot coupling is turned on the interference patterns for the parallel configuration are essentially the same since the additional interdot paths give rise to no phase changes [ Fig. 2(a) 
Quantum phase-interference generated by Coulomb interaction
What we considered in Fig. 2 is the typical single-particle quantum phase coherence, i.e., the well-known AB effect and is realized in the ultrastrong Coulomb-blockade regime. The AB interference disappears when the interdot coupling is switched off (J = 0) seen from Fig. 2(b) (solid line) for the antiparallel configuration. Now we turn to the usual Coulomb blockade regime with a finite value of Coulomb-interation strength U, which allows the non-zero occupation probability of the two-particle state |Ψ 2 ⟩. It is certainly of interest to see the effect of two-particle interaction, which has not yet been explored to our knowledge. To this end we present, in
Figs. 3, 4, and 5, the same current plots for the Coulomb interaction constants U = 5, 20, and 40 respectively. For the parallel configuration the interference patterns in Figs. 3, 5(a) with U = 5, 40 are essentially not changed compared with the single-particle case, since the effect of two-electron occupation in these two cases is small and the transition process is still dominated by the single-particle transport. For U = 20 the oscillation period is essentially 1/2 for J = 0.5, 1 [ Fig. 4(a) , dashed and dotted lines], while the pattern shape has an apparent variation with alternate lower and higher peaks for J = 0 [ Fig. 4(a) solid line] caused by the superposition of two-particle and single-particle transitions. For the antiparallel configuration we observed a peculiar quantum interference oscillation, that when the interdot coupling is switched off (i.e. no particle transition between two dots) the interference oscillation still exists different from the single-particle transition [ Fig. 2(b) (solid line) ]. The oscillation period is 1/2 and the amplitudes vary along with the Coulomb-interaction constant U for the fixed bias voltage seen from Figs. 3, 4, 5(b) (solid lines). This new interference oscillation is obviously generated by the two-particle interaction and can be understood from the wave-function overlap of two transported (identical) particles from the electrode to the DQD, which results in an interference factor (1 − δ cos 4πζ ) giving rise to the oscillation of period 1/2 with the wave troughs located at integer and half-integer. The parameter δ is proportional to the Coulomb-interaction constant U and the occupation probability of two-particle state |Ψ 2 ⟩. The oscillation amplitude for U = 5 [ Fig. 3(b) solid line] is a small value about 0.004 (electron charge per unit time) and increases to the highest value 0.02 [ Fig. 4(b) ] when the Coulomb-interaction constant becomes 20, i.e. 1/2 bias-voltage V . Then, the oscillation amplitude decreases with U above the critical value and becomes negligibly small at U = 40. This is because the high Coulomb-interaction energy suppresses the occupation probability of two-particle state |Ψ 2 ⟩ . Above the value U = V it is . The interference patterns with the interdot coupling obviously come from the superposition of two-particle and single-particle transitions.
3.3. Shot noise and skewness as a probe to detect the topological phase coherence
The shot noise (or Fano factor F a ) and skewness S k in relation with the zero-frequency cumulants C 2 and C 3 are shown to be the quantities most sensitive to the TQPC and Coulomb interaction. The measurements of shot noise can yield more information about the microscopic mechanism of transport. We now demonstrate the effect of TQPC on the Fano factor F a and skewness S k , which in turn can serve as probes to detect the TQPC. Figure 6 displays the numerical results of F a (upper panels) and S k (lower panels) for U = 5 (a), 20 (b), and 40 (c) respectively. When the interdot coupling is switched off (J = 0, solid line in Fig. 6 ) the wave-trains of period 1/2 for both F a and S k are generated by the Coulomb interaction of two-electron state occupation. The wave-trains heights of F a and S k are respectively 0.005 and 0.01 for U = 5. 
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The heights increase with U up to highest values 0.1 and 0.5 when U reaches the critical value V /2. Then the heights decrease with increasing U due to the suppression of occupation probability of two-electron state |Ψ 2 ⟩. The U-dependence behavior is the same as the oscillation amplitude of average current, while the period of wave-trains indicating the topological nature is independent of the U variation. When interdot coupling is turned on the tunnel paths between two dots give rise to the interference oscillation of period 1. The F a and S k oscillation patterns (dotted and dashed lines in Fig. 6 ) are simply the superposition of two-mode oscillations of periods 1 and 1/2. The high peaks of F a spectrums and dips of S k (for U = 20, 40) are quantized exactly with position spacing Φ 0 /2. This new observation can be developed to a quantum interferometer to measure ultraweak magnetic field similar to the superconducting quantum interference device.
Manipulation of resonance peaks, super-and subPoissonian noises
We have demonstrated that the period of topological phase oscillation is robust against the variation of interdot coupling and the Coulomb interaction as well. However the magnitudes of correlation functions are sensitive to the system parameters especially the asymmetry parameter θ . The resonance peak heights of F a and S k at the integer number of flux (or integer Chern number) as a function of the asymmetry parameter θ are displayed in Fig. 7 in agreement with the observation that the sub-Poissonian shot noise of current fluctuation resulted usually from the FermiDirac statistics when the many-body Coulomb interaction is considered. [9] The reason why F a and S k do not change essentially with the variation of J is that the interdot channel is blocked in the double-occupation case. F a has minimum value at the symmetric dot-electrode transition with θ = 1 and increases with deviation from the symmetric case, since the asymmetry may lead to the reflection of transport electrons favoring quantum fluctuation of current. We mainly show here that the resonance peak-heights of F a and S k can be manipulated by the asymmetry parameter θ . 
Conclusion and discussion
In summary, the TQPC has been studied in the FCS of transport electrons through a DQD system with two-body interaction at finite temperature. Indeed the cumulants in FCS are so sensitive to the TQPC and thus can serve as a probe to detect the effect. For the antiparallel configuration of mag-087308-7 netic fluxes we show explicitly the topology change-induced oscillation of the first-order cumulant (in relation to transport current). The oscillation period characterizing the TQPC is robust against the amplitude variation of the interdot coupling and the Coulomb interaction as well. The accurately quantized resonance peaks (or dips) of the second-and third-order cumulants are localized at the integer or half-integer number of fluxes in the quantum unit Φ 0 . Thus the mesoscopic system can be used to measure the magnetic field embraced by the two arms of the DQD similar to the superconducting quantum interference device. It is remarkable to observe a new type of the TQPC, which is generated by the Coulomb interaction of two-electron occupation in the DQD and does not exist for the single-particle occupation only. Finally, we show the manipulation of resonance peak heights by the interdot and dot-electrode couplings.
